
t.: i‘ 

‘This work da:; i n  rxirt. suvrorted 
by a [:rant frmrr t h e  ‘ !n t ton :? l  Aero- 
nautics ar:d ::pace ~ ~ d r l n l s t r n t i o n ,  

\ 



SORE STATISTICAL ASPECTS @n PATT G l K  “AILU?? T1IRO\IGIl 

CRACK ?PO? ACr AT1 O?J 

bv  E a r l  J ,  !3rown* 
,Tames n. v i c e s *  

A b s t r a c t  
/ S F 5 7  / A J 

The  o b j e c t i v e  of t h i s  work i s  t o  d e v e l o p  t h e  e l e n e n t s  of  

a s t a t i s t i c a l  approach t o  fa t icue f a i l u r e  t h r o u r h  a n  a n a l v s i s  

of growth of f a t i c u e  c racks  t o  f i n a l  f a i l u r e ,  T t  i s  asslined 

t h a t  t h e  l o a d i n p  e x p e r i e n c e d  bv t h e  cracked bodv and  I ts  ma- 

t e r i a l  p r o p e r t i e s  are o f  a random n a t u r e ,  Usin[. c o n c e n t s  o f  

f r a c t u r e  m e c h a n i c s  and a f r a c t u r e  mechanics  a n p r o a c h  t o  fa -  

t i g u e  c rack  n r o p a r a t i o n , e x p r e s s i o n s  a r e  d e v e l o n e d  f o r  t h e  

n r o b a b i l i t y  t h a t  a cracked body w i l l  s u r v i v e  a p i v e n  n e r i o d  

of l o a d i n g  w i t h o u t  c a t a s t r o p h i c  f a i l u r e ,  w- 

* N,A,S,A.. F e l l o w ,  L e h i r h  U n i v e r s i t y ,  n e t h l e h e m ,  D e n n s v l v a n j a  

* * l J , S . ~ . .  Fellow, Leh ich  U n i v e r s i t v ,  I l e th l ehem,  F c n n s y l v a n i n  

- 1 -  



Sta t emen t  o f  t h e  P r o b l e m  ----.------.-- 

Consider  a cracked body loaded -In some sy r i rne t r i c  f a s h l o n  

a b o u t  t h e  c r a c k  as shown I n  n lpu ' *e  1, 

T h e  loadings s h a l l  b e  a s s u r e d  t,c; b e  nronortional t o  s c 7 e  na- 

r'amete~tr, s = ~ ( t ) ,  whlch v & r i z s  f - I  8 r a n d o r  f a s h l c n  v r l t L 7  tire 

about a neav v a l u e  3 as ahown in rP4rwy.e 2 ,  



i n  t h e  form C1,31 

where  f ( a )  is sone f u n c t i o n  of t h e  crack l e n ~ ~ t l - 1 ,  a ,  a s  05- 

t a i n e d  f r o n  t h e  e l a s t i c i t y  s o l u t i o n .  

!low, 3 s  t h e  load, s(t), v a r i e s  w i t h  t i m e ,  t h e  crack w i l l  

p o w  a t  sone r a t e  d e p e n d i n ?  on  t h e  s t a t i s t i c a l  v a r i a t i o n  of  

t h e  stress I n t e n s i t y  f a c t o r  k ( t ) , [ 4 ] .  

t h e  f a c t o r  f ( a )  w i l l  In Kenera1  i n c r e a s e ,  C o n s e q u e n t l v ,  t h e  

m a c n i t u d e  of t h e  v a r i a t i o n  of t h e  s t ress  i n t e n s i t v  f a c t o r  ex-  

D e r l e n c e d  a t  t h e  crack t i p  w i l l  Increase u n t i l  f l n a l l v  k ( t )  

a t  some p o i n t  i n  time e x c e e d s  t h e  c r i t i c a l  s tress i n t e n s i t y  

f a c t o r ,  kcr ,  c a u s i n ~  c a t a s t r o p h i c  f a i l u r e .  T h e  c r i t i c a l  i n -  

t e n s i t y  f a c t o r ,  kcr ,  may be reparded as a s t a t i s t l c a l l v  des -  

c r i b e d  material  c o n s t a n t  (In t h e  sape s e n s e  as  a v i e l d  stress 

o r  u l t i m a t e  s tress),  

As t h e  crack propresses,  

The  proposed problem i s ,  therefore ,of  a n  i n h e r e n t l v  s ta-  

t i s t i c a l  n a t u r e  i n  conput lny:  t h e  D r o b a b i l i t v  of t h e  c racked  

body s u r v i v i n g  a Kiven p e r i o d  of l o a d i n r ,  t h e  e x p e c t e d  l i f e -  

t i m e ,  and  v a r i a n c e  i n  l l f e t i n e n  

-cDT Survlva_l  P r o b a b i l  i t les 

J n  the deve lopmen t  t o  follow, i t  w f l l  b e  n e c e s s a r v  t o  

h a v e  an e x p r e s s i o n  f o r  t h e  n r o b a b i l i t v ,  p ( n ) ,  where 

p ( n )  = P r o b a b i l i t y  t h a t  t h e  stress I n t e n s i t y  f a c t o r , k n ,  
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e x p e r i e n c e d  i r i  t h e  n t h  -" 1 c  - td  : J Q < A ~  o f  s ( t )  will exreed  the  

critical stress Intensity f a c t o r .  
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T h u s ,  

By c a r r y i n r :  o u t  t h e  f n t e c r a t l o n  i n  d i f f e r e n t  wzys, e i t h e r  

w h e r e  i t  Is n o t e d  t h a t  f o r  p h y s i c a l  reasons ( k C r  c d n n o t  be 

n e g a t i v e )  h ( 8 )  = 0 f o r  8 0 ,  w h i c h  perxiits c h a n j - l n y  t h e  l o w e r  

l i m i t  o f  -- t o  a lower limit of  0, 

l l av ln~:  a n  e x p r e s s i o n  for p(n), o n e  c a n  now nroceed t o  

compute t h e  p r o b a b i l i t y  ?(n) t h a t  f a i l u r e  w i l l .  a c t u a l l y  o c c u r  

in t h e  n t h  I load p e a k ,  a n d  t h e  probablllty v ( r i ?  t h n t  t h c  cr;icker! 

body will survive the f i r s t  n load  F e a k s .  q b v l o u s l v ,  

n 

L e t  p ( n l  n o  p r i o r  o c c u r e n c e )  be t h e  p r o b a b i l i t y  t h a t  the 

n t h  - load p e a k  will b e  s u f f i c i e n t l y  p e a t  such t h a t  krl exceeds  

t h e  c r i t i c a l  stress l n t e n s l t y  f a c t o r ,  j - l v e n  t h a t  n o  prior Icrid 

peak  stress i n t e n s i t y  factor exceeds the c r i t i c a l  v a l u e ,  T h e n ,  

by t h e  law of c o n d i t i o n a l  p r o b a b i l i t y ,  

P ( n )  = p ( n (  no  p r i o r  o c c u r e n c e )  ~ ( n - 1 )  
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i l ? ?  

'fhus,  t h e  s o l u t i o n  tor "in), the: probnblllty of s u r v f v i n r  t h e  
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where G = C ( a )  = da/dn  is t h e  ??-;irk rrew1:h r a t e  or, VorC 

D r e c i s e ' l y ,  t h c  ensemble a v e r a r e  c r a c k  extrnslon per  load weak .  

Present .  experimental ev ldpnce  o n  c r a c k  r-rrowth r a t e s  ln- 

t i l c a t e s  t h a t  C d e n e n d s  only on t h e  variatlon of t h e  stress 





Then  t h e  n r o b a b i l i t y  t h a t ,  kr l ,  t h e  stress l n t e n s l t v  f , . t c to r  

i n  t h e  n t h  load peak, I s  T r e a t e r  t h a n  B i s  d e f i n e d  bv t h c  con-  - 
d I t; i o na  1 n r  0 ha b i 1 1 t v s t B t. em e n  t 

on 6 ,  

The inteprals  in equation ( 3 6 )  a r c  F l v e n  i n  "cfcrc-ncc r6 !  

f o r  t h e  case of a statioriarv C a u s s l a n  p r o c e s s ,  "he I n t , e r * r a l  

i n  the d e n o n i n a t o r  is s i m p l y  the e x p e c t e d  nuriber o f  m a x i m a  n 

p e r  u n i t  t lrne: 
,dD J!? 

where, d, ,  and d , ,  are t h e  s ~ c n n r l  and fourt.h norrents  rcsnec-  

t i v e l y ,  o f  t h e  power s p e c t r a l  d e n s i t y  for k(t;). -hc ' L n t e r r n l  

in t h e  n u m e r a t o r  c a n n o t  be r l v e n  n closecl Corm e x p r c s s l o n  for 

a l l  values of  R, b u t  311 expression c a n  be ! r iven  f o r  l : 3 r . l r c  P, 

This wlll s u f f i c e  s i n c e  it  c a n  safelv he assiir:etl  t h a t  I n  t h e  

pe r iod  of  r r o w t h  of a f a t i r u e  c r a c k  t h e  0ccurenr.e o f  n v n l u c  
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and 

T h u s ,  where h ( s j  is t h e  r ) r o b n b i l i t v  d c a n s i t y  f o r  k C r I  

?‘Re preced in f - .  equation : ic(:or;i?llshes t h e  f o a l  of express -  

i n g  tne p r o b a b i l i t y  dens.1t.y Cor’ a n  e x c e s s  of kcr i n  t.errr?s of‘ 

crcick lenl?;th,rt  ,and the s t * a t l s t i c s  of’ t he  lor id  : )n rn r ; e t e r  s ( t >  

Turnin{;  now t o  s u r v i v a l  p r o b n b i  l i t i e s  a d e f i n e  ”( n) = a 1 ;lo> d ,  

l iecall  t h a t  F(n> i s  t h e  p r o b a b i l i t v  o f  survlvlnr n lo,?d peaks  

o r ,  i n  terrns of c r a c k  1en;:th and with t h e  n o t a t i o n  ‘7 ( : i ! : i o ) ,  

t h e  p r o b a b i l i t y  t h a t  the c r a c k  ~ 1 1 1  reach  2 l e n ! - t h  ri , : i i thout  

u n s t a b l e  propak;at lon,  [Tiven t h a t  it hnti a lenr-t;h :io :.Ikeen t h e  

l oad ln r ;  began, :iy use of e: iu: i t , ions  (17) and ( P O ) ,  o n e  o b t a l n s  

f o r  t h e  s u r v i v a l  p r o b a b i  l i t y  



The expected c rack  l e n g t h  a t  f a i l a r e  is 

and a s imilar  f o r m u l a  follows f o r  t h e  vilT"Liiiice of  a at. f n l l -  

ur*e ,. 

The p r e c e d i n g  d e v e l o p m e n t s  have shown t h a t  a c o c p l e t e  

d e s c r i p t i o n  of f a i l u r e  s t a t l s t l c s  under r a n d o n  l o a d i n r s  Is 

a v a i l z i b l e  i f  o n e  knows t h e  t w o  f u n c t f o n s  S ( a )  and ~ ( 2 ) -  The 

former must  a t  t h e  p r e s e n t .  t ' i r - l t a  he e x r + ? r i r - e n t a l l v  ( ! e t f ? r r , i t i ed ,  

whereas, t h e  l a t t e r  c a n  b e  preilicteci r i v i n l v  f rom a. knowledye  

of the f u n c t i o n  f ( a ) ,  the  s t a t i s t i c s  o f  t h e  load  p a r a n e t e r  

s ( t ) ,  arid t h e  d e n s i t y  h ( 9 )  f o r  k c v L  

E x p r e s s i o n s  i n  Terms o f  E x p e r i m e n t a l l y  D e t e r n l n e d  r ' a te r i ; l l  
Parameters 
-- --, --.e P*" - -- -L-- ..l"--*-̂ --IA.u-I_I* 

--I------- 

I n  v i e w  of t h e  p r e c e d i n r  t h e o r e t i c a l  d e s c r l p t i o n ,  so r l e  

i m p o r t a n t  applicatlons nay b e  c l t e d .  I n  t h e  a i r c r a f t  i n d u s t r y ,  

i n s p e c t i o n  f o r  p r e s e n c e  o f  c r a c k s  i s  somctirqes  u s e d  t o  es t imate  

t h e  r e s i d u a l  l i f e  of s t r u c t u r e s  s u b J e c t e d  t o  atmospheric t u r -  

b u l e n c e ,  T h i s  i n t r o d u c e s  two r ' e ln t ed  p rob lems :  (1) I f  i n -  

h e r e n t  c r acks  e x i s t  ( a  finite s l z e  b u t  u n s e e n )  c a n  t h e  number  

of load  p e a k s  r e q u i r e d  f o r  t h e  c r a c k  t o  ~ r o w  t o  an o b s e r v a b l e  

l e n g t h  b e  p r e d i c t e d ?  ( 2 )  iif'ter d e t e c t i o n ,  c a n  t h e  e x n e c t e d  

c rack  l e n r t h  a t  f a i l u r e  o r  c a n  a p r o b a b l l l t v  of' s u r v l v i n r  a 

c e r t a i n  time be p r e d i c t e d ?  l i o p e f u l l v ,  t h e  a n s w e r s  c a n  be  

o b t a i n e d  from e q u a t i o n s  ( 3 8 ) ,  ( 3 9 ) ,  (140) and  ( 4 l ) ,  l.vh.ich oro-  

v i d e  a means of a n a l y s i s  f o r  t hese  p r o b l e m F  

- 1 3  - 



P r o c e e d i n g ,  it is  ObservPo t h a t  t h e  p r o b n b i l i t v  of sur- 

v i v a l  F(a\ao)s e q u a t i o n  ( 1 9 ) ,  rind t h e  e x n e c t e d  c rack  l e n r t h  

a t  f a l l u r e  a, e q u a t i o n  (41), arc f u n c t i o n s  of t h e  n r o b a b i l i t v  

d e n s i t y ,  h ( q )  f o r  k,, , e q u a t i o n  (:jr l)  It I s  c o n s i d e r e d  t h a t  

e x p e r i m e n t a l  r e s u l t s  f o r  h(q (-:in reasoriaol 11 b e  expressed in 

one of t h e  t h r e e  a l t e r n a t i v e  l a f i ? r s  r.hnwn t)elou ( o r  o t h e r s  i f  

n e c e s s a r y )  

F i G V R E  4. 

T h e  p r o b a b i l i t y  d e n s i t y  f ' unc t ions  1.n T7iyure 4 c a n  b e  ex-  

pressed as:  

( d e l t a  j u n c t i o n )  
( 4 % )  

( 4 3 )  - 1 3  - 



c 0 ( 4 4 )  

- 
I n  t h e  p r e c e d i n g  e q u a t i o n s ,  k,, i s  the! mean v a l u e  o f  t h e  

c r i t i c a l  stress i n t e n s i t y  f a c t o r  and 0; i s  t h e  v a r i a n c e  of 

t h e  no rma l  d i s t r i b u t i o n  of' t h e  stress i n t e n s i t y  f ac to r .  

I t  i s  now a p p r o p r i a t e  t o  c o n s i d e r  each p r o b a b i l i t y  den- 

s i t y  f u n c t i o n  h ( 9 )  i n d i v i d u a l l y  t o  d e t e r m i n e ,  p(a), t h e  

c o r r e s p o n d i n g  p r o b a b i l i t y  d e n s i t y  f o r  a l o a d  s u f f i c i e n t l y  

g r e a t  t o  c a u s e  f a i l u r e .  I n  a d d i t i o n ,  f o r  t h e  case of  h ( 9 )  

= s(9- k c p )  t h e  p r o b a b i l i t y  of s u r v i v a l  P(a \a , )  w i l l  also be 

d e t e r m i n e d  a s s u m i n g  G(a), e q u a t i o n  21,  has a f o u r t h  power 

dependence .  Moreover ,  w i t h  p ( a )  known, one  c a n  a t  l eas t  

n u m e r i c a l l y  i n t e r g r a t e  e q u a t i o n  ( 3 9 )  t o  d e t e r m i n e  P(a\a , )  f o r  

t h e  r e m a i n i n g  cases, 

Case I: C o n s i d e r  h ( q )  = b ( 9 - k ~ ~  0 Then from e q u a t i o n  

- 15 - 



Case 11: The normal  d i s t r i b u t i o n  f o r  h ( f ) .  Combininy: 

e q u a t i o n s  (38)  and  ( 4 3 )  we o b t a i n  

If o n e  a s sumes  h ( 4 )  i s  small e x c e p t  near the mean v a l u e ,  

kc, t h e  l i m i t s  o f  e q u a t i o n  ( 4 6 )  may b e  e x t e n d e d  o v e r  - o o ~ g . r + ~ .  

Combining t h e  e x p o n e n t i a l  terms and c h a n g i n g  v a r i a b l e  t o  

E v a l u a t i n g  t h e  i n t e g r a l  and r e a r r a n c i n c  terms, one  o b t a i n s  

One would e x p e c t  p ( a )  f o r  h (B)  a normal  d i s t r i b u t i o n  t o  

r e d u c e  t o  p (a )  f o r  h ( p )  a de l t a  f u n c t i o n  as a l i m i t i n g  case,  

I n  e q u a t i o n  ( 4 7 ) ,  It I s  o b s e r v e d  t h a t  w i t h  q = O ,  and Kcr-k,, , 
t h e  no rma l  d i s t r i b u t i o n  r e d u c e s  t o  t h e  s h a r p  k c , ( d e l t a  f u n c t i o n )  

e x p r e s s i o n  f o r  p ( a ) .  

Case 111: ComblnlnE e q u a t i o n s  ( 3 8 )  and ( 4 4 1 ,  one  o b t a i n s  

KC 5 

S q u a r i n g  t h e  t e r n  i n  t h e  e x p o n e n t i a l  and d e f i n l n c  

- 16 - 
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Combining e q u a t i o n s  (51) and (53)  t h e  p r o b a b i l i t y  of 

s u r v i v a l  becomes . 

Jx 

Note  t h a t  t h e  p r o b a b i l i t y  d e n s i t y  o f  f a i l u r e  P(a/a,, 1, 

e q u a t i o n  (40), c a n  be e v a l u a t e d  w i t h  t h e  a i d  of e q u a t i o n  (541, 

Hence,  

To summar ize ,  a n  e x p r e s s i o n  f o r  t h e  p r o b a b i l i t y  o f  s u r -  

v i v a l  F(a/a,) has b e e n  d e t e r m i n e d  f o r  a s h a r p l y  d e f i n e d  kCr 

f o r  a g i v e n  material. Shou ld  t h e  stress I n t e n s i t y  f a c t o r ,  k, 

have  a normal  d i s t r i b u t i o n  o r  a p l a t e a u  over  a c e r t a i n  r a n g e ,  

I 

I t h e  c o r r e s p o n d i n g  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  p ( a )  has b e e n  

d e t e r m i n e d  I n  a manner s u c h  as t o  allow n u m e r i c a l  i n t e c r a t i o n  

t o  o b t a i n  t h e  f o l l o w i n g :  
, 

I (1) P r o b a b i l i t y  of  s u r v i v a l  F( a/ao ) e 

I ( 2 )  P r o b a b i l i t y  d e n s i t y  of f a i l u r e  P(a/a,) .  

I ( 3 )  E x p e c t e d  c r a c k  l e n c t h  a t  f a i l u r e ,  

- 19 - 



I 

1 -. 2 3  - 



* ,  



nay b e  o b t a i n e d  b y  s u b s t i t u t i n r -  e q u a t i o n s  ( 4 7 )  a n d  (49:  re- 

s p e c t i v e l y  i n t o  e q u a t i o n  ( 3 9 )  and  p e r f o r n i n r  t h e  n e c e s s a r y  

n u c i e r * i c a l  i n t e r r a t i o n -  Z i v : l l ~ i r ~ l v ,  t h e  c o r r e s p o n d l n r  e x n e c t e d  

c r a c k  l e n p t h  a t  f a i l u r e ,  a9 mav b e  d e t e r m i n e d  by r e s n e c t i v e l y  

s u b s t i t u t i n p  e q u a t i o n s  ( 4 0 )  arid ( i ( 7 ) ,  l f  h ! B )  i s  n norrrxil d i s -  

t r i b u t i o n ,  o r  (40) a n d  (!I?), if h ( D !  i s  a c o n s t a n t  o v e r  $3 shor t  

ranr:e, i n t o  e q u a t i o n  ( 4 1 )  a n d  n e r f o r n i n p  t h e  n e c e s s a r y  n u n e r i c n l  

-- 

I T h i s  i n v e s t  i p t  i o n  h::s r c lvea led  areas where f u r t h e r  ~ 

I e x p e r i m e n t a l  research  a n d  v e r l 1  I c a t i o n  a r e  n e c e s s a r y . .  r?el iable  

i growth r a t e  da ta  f o r  rzndom loacis ~ r o u l d  b e  h e l p f u l . .  Tn a d d i t i o n ,  

t h e  r e l a t i v e  i m p o r t a n c e  of  t h e  v a r i a n c e  J of  h(B)  s h o u l d  b e  

s t u d i e d ;  i ,e. . ,  t h e  p r e s e n c e  o f  u B 2  i n  t h e  s u r v i v a l  n r o p e r t v  

e q u a t i o n s  may h a v e  l i t t l e  e f f e c t  on t h e  n a t v l t u d e s  o f  f i n a l  

results, F i n a l l y ,  c o m p u t a t i o n a l  t e c h n i q u e s  may b e  i n v e s t i r a t e ?  

t o  d e t e r m i n e  t h e  n u n b e r  o f  required terms t o  e n s u r e  s u f f i c i e n t  

c o n v e r g e n c e  f o r  r e l i a b l e  estimates of  s u r v i v e 1  p r o b a b i l i t y .  

D 

Any e x p e r i m e n t a l  prol:ralTi t o  v e r i f y  r e s u l t s  p r e s e n t e d  

here s h o u l d  u s e  s p e c i m e n  o f  s u f r l c i e n t  size t o  e n s u r e  t h a t  I 
I 

I t he  p l a t e  i s  p r e d o m i n a t e l y  e l a s t i c  e x c e p t  f o r  small n l a s t l c  

I z o n e s  n e a r  t h e  c rack  t i p -  
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